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Abstract 

Let L be a sparse context-free language over a finite alphabet A = 
{ai, . . . , at} and let /l : N* ~+ N be its Parikh (counting) function. We 
prove that the map /l is a box spline, that is there exists a finite set 11 of 
hyperplanes of R', through the origin, such that /l is a quasi-polynomial 
on every polyhedral cone determined by 11. Moreover we prove that the 
Parikh function of such a language is rational. 
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1 Introduction 

Given a word w over an alphabet A — {ai, . . . , at}, the Parikh vector of w is 
the vector (rii, . . . ,nt), where for every i, with I < i < t, rii is the number of 
occurrences of letter a^ in w. Given a language L over A, the Parikh map //, 
is the map which associates with non negative integers ni, . . . ,nt, the number 
/^(ni, . . . , Tit) of all the words in L having Parikh vector equal to (ni, . . . , nj). 
If we impose restrictions on the growth rate of /l we obtain different classes of 
languages. In particular, a language is termed Parikh slender (see [13| ) if there 
is a positive integer r such that for every ni, . . . , nj, /l(?t-i, ■ ■ ■ ,nt) ^ f holds. 

In this paper we shall consider the Parikh map of bounded context-free lan- 
guages. Bounded context-free languages and their properties have been ex- 
tensively studied in [^, where, in particular, one proves that it is decidable 
whether a given context-free language is bounded. It is also known that bounded 
context-free languages are exactly the sparse context-free languages [H] . A for- 
mal language L is termed sparse if its counting function is upper-bounded by a 
polynomial or, equivalently, if its Parikh function is upper bounded by a mul- 
tivariate polynomial. It is clear that the class of sparse context-free languages 
include that of Parikh slender ones. 

A quasi-polynomial is a a map i^ ; N* -^ N defined by a finite family of 
multivariate polynomials, with rational coefhcients, {p{di.d2,----dt) I "^ii ■ ■ ■ I'^t G 
N, < di < d}, where, for every (a;i, . . . , a;*) G N, if di is the reminder of the 
division of Xi by d, one has: 

F{xi,. ..,xt)= P{di,d2.--,dt){xi, ■■■,xt). 

In this paper we prove that the Parikh map /l of a sparse context free 
language L can be exactly calculated using a finite number of quasi-polynomials. 
More precisely, if L is a sparse context-free language, then there exist a partition 
of N* into a finite number of polyhedral conic regions Ri, . . . , Rg, determined by 
hyperplanes, through the origin, with rational equations, and a finite number 
of quasi-polynomials pi, . . .ps, such that for any (ni, . . . , nt) one has: 
fbini, . . . , nt) = Pjini, . . . , nt) where j is such that (ni, . . . , nt) G Rj. 

This is obtained by reducing the computation of the Parikh map of L to the 
computation of the number of non-negative solutions of a system of diophantine 
linear equations of the form 

n 

2J ttijXj ^ni, 1 <i <t, Oij e N, (1) 

j=i 

as a function F{ni, . . . , nt) of the constants ni, . . . ,nt. 

The latter computation deserves a special mention. It was first considered in 
the context of Numerical Analysis where, in a celebrated paper by Dahmcn and 
Micchelli [3], it has been proved that the counting function of a Diophantine 
system of linear equations can be described by a set of quasi-polynomials, under 
suitable conditions on the matrix of the system. Recently this result has been 



object of further investigations in [U [SJ [M] where important theorems on the 
algebraic and combinatorial structure of partition functions have been obtained. 

In this paper, we present a combinatorial proof of the description of the 
counting map of the system ([T|) . This proof, which appears to be new, is of ele- 
mentary character, effective and makes the paper self-contained completely. We 
remark that the regions Ri, . . . , Rg as well as the quasi-polynomials pi, . . . ,ps 
that gives a description of the Parikh map can be effectively computed from an 
effective presentation of the language L. The decidability of some problems on 
the Parikh map of context-free languages is an easy consequence of our main 
result. In particular, one can decide whether a context-free language is Parikh 
thin or Parikh slender [IB] . 

In the proof of our main result, some important and deep theorems of Formal 
Language Theory have been used. More precisely, the combinatorial method de- 
velopped to describe the Parikh map of a context-free language is based upon 
the representation of such languages as bounded semi-linear sets. In particu- 
lar, two important results have been used: the celebrated Cross-Section The- 
orem by Eilenberg and the theorem, by Eilenberg and Schiitzenberger, which 
characterizes the rational subsets of N' (c/ [71 [23]). These theorems provide 
a crucial tool in order to cope with the ambiguity of context-free languages. 
In this context, we also recall another important recent result that gives a 
characterization of sparse context-free languages in terms of finite unions of 
Dyck loops {cf [THl [H]). However, this latter result cannot be used to com- 
pute any counting function because of the ambiguity of the representation of 
such a language as a finite union of Dyck loops. Indeed, consider the language 
L = {a^b"'d^(r I n,m > 0} U {a"6"c"'d'" \ n,m > 0}. The language L 
is sparse context-free but it cannot be represented unambiguously as a finite 
union of Dyck loops. 

We complete our analysis proving that the Parikh function of a sparse 
context-free language is rational. This result is remarkable since, as it is well 
known [5], the Parikh function of a context-free language may be transcendent. 

2 On systems of diophantine equations. 

The aim of this section is to present some results that we will use as our main 
tools in the sequel of the paper. We assume that the reader is familiar with the 
basic notions of rational, context-free and semi-linear languages. The reader 
is referred to [TJ [SJ [21 [HI [55] . We start this section by proving an important 
theorem concerning systems of diophantine equations. For this purpose, we 
recall some preliminary definitions and results. 

Lemma 1 Let q{xi, . . . ,Xt,x) be a polynomial in t + I variables with rational 
coefficients and let 

F :N* X {{-1}UN} — >Q 



be the map defined as: 

{J2x=o,...,x q{xi,...,xt,X) x>0, 
x = -l. 

There exists a polynomial p{xi, . . . ,Xt,x) in t + 1 variables with rational coeffi- 
cients such that, for every (xi, . . . , Xt, x) G N* x {{—1} U N}, one has: 

F{xi,. ..,xt,x) =p(xi,.. .,xt,x). 

Proof. Write q{xi, . . . ,xt,x) as: 

ao + oix + ■ • • + a„a;", (2) 

where, for every i = 0, . . . , n, a^ is a suitable polynomial in the variables 
Xi, . . . ,xt with rational coefficients. By Eq. ([2]), if a; > 0, for every xi, . . . ,Xt G 
N, one has: 

F{xi,...,xt,x)= ^ q{xi,...,Xt,X) = ^ pj ■ X! ^]- ("^^ 

A=0,...,x j=0,...,n y A=0,...,x J 

On the other hand, by using a standard argument icf Lemma 1151 of the Ap- 
pendix), one can prove that, for any j e N, there exists a polynomial Pj{x) with 
rational coefficients in one variable x such that: 

3.1) for any x e N, pj{x) = Y.\=o,...,x ^^• 

3.2)p,(-l) = 0. 

For any j — 0, . . . , n, let pj be the polynomial defined above and let p = 
p{xi^ . . . ,Xt,x) be the polynomial defined as: 

i=0,...,n 

Then by Eq. (3.2), one has p{xi, . . . ,xt, —1) = 0. Moreover, for every a; > 0, by 
Eq. ^ and (3.1), one has: 

F{xi,...,Xt,x) = ^ flj • ^ ^M = X! a^pj{x) =p{xi,...,xt,x). 

j=0,...,n y \=0,...,x J j=0,...,n 

The proof is thus complete. D 

Definition 1 A map F : N' — > N is said to be a quasi-polynomial if there 
exist d £ N, d > 1, and a family of polynomials in t variables with rational 
coefficients: 

{P{dud2..---,dt) I di,...,dt eN, 0<di <d}, 



where, for every (xi, . . . ,Xt) G N*, if di is the reminder of the division of Xi by 
d, one has: 

F{xi, . . . , xt) = P(di,d2,--,dt) (a;i, • • • , xt). 

The number d is called the period of F. 

To simplify the notation, the polynomial P(di,d2,---,dt) i^ denoted Pdid2---df 

Definition 2 Let F : N* — > N &e a map. Given a subset C of N* , F is said 
to be a quasi-polynomial over C if there exists a quasi-polynomial q, such that 
F{x) ~ q{x), for any x E C. 

Lemma 2 The sum of a finite family of quasi-polynomials is a quasi-polynomial. 

Proof. It suffices to prove the claim for two quasi-polynomials. Let /i,/2 : 
N* — > N be quasi-polynomials of periods di , d2 respectively and let 

{Pai-at I V i = 0, . . . , t, < fli < di - 1}, and 

{qb,...b, I V^ = 0,...,i, 0<6, <d2-l} 

be the families of polynomials that define /i and /2 respectively. Define a new 
quasi-polynomial / as follows. Take d — did2 as the period of / and, for every 
(ci, . . . , Ci) e {0, 1, . . . , rf - 1}*, take 

where, for any i — I, . . . ,t, Oi and hi are the reminders of the division of Ci by 
di and ^2 respectively. It is easily checked that the quasi-polynomial / is the 
sum of /i and /2. Indeed, if x = (xi, . . . , Xt) G N* and, for every i = 1, . . . , t, 
Xi = Ci mod d, then one has 

Ci = ai mod di <^=^ Xi = Oi mod di 

Ci = hi mod d2 <==^ Xi = hi mod d2. 
Therefore, if x = (xi , . . . , x^) G N* and Xi = Ci mod d, then we have: 

f{x)= fci---ct{x) = Pai---at{x) + qbi---bt{x) = /l(x) + /2(x). 

The claim is thus proved. D 

Lemma 3 Let F : N* — > N be a map, d be a positive integer, and C be a subset 
o/N*. If there exists a family of quasi-polynomials {-Fdid2-rft I d,i,...,dt G 
N, < di < d}, such that , for every (xi, . . . ,Xt) G C, with Xi = diiaodd, one 
has: -F(xi, . . . ,xt) = Fd-^d2---dt{xi, . . . ,xt), then F is a quasi-polynomial over C . 



Proof. Let k be the least common multiple of d and of the periods of the quasi- 
polynomials of the set {Fd^d-i-dt I di, ■ • ■ , rft G N, < d^ < d}. Let (ri, . . . , rt) 
be a tuple of {0, 1, ... fc — 1}* and let (xi, . . . ,xt) £ C be such that, for every 
i = 1, ..., i, Xi = ri mod fc. Then one can check that F{xi, . . . , xt) = 9(a;i, . . . , Xt) 
where q is a polynomial uniquely determined by (ri , . . . , rt ) . Indeed, one can first 
observe that the tuple (ri, . . . , r^ ) uniquely determines, for every i = 1, ..., t, the 
reminder di of the division of Xi by d since di = r^ mod d. By hypothesis, one has 
F(xi, . . . ,Xt) = Fd-^d2---dtixi, ■ ■ ■ ,xt). Since fc is a multiple of the period of the 
quasi-polynomial Fdid2---dt^ the tuple (ri, . . . , r^) also determines a polynomial q 
in the family of polynomials associated with Fdid2---dti such that F(xi, . . . , Xt) = 
Fdid2---dtixi, . . . ,Xt) = q{xi, ...,Xt). The proof is thus complete. D 

Lemma 4 Let X : N* — > Q be a map such that, for any (xi, . . . ,xt) G N*, 

A(xi, . . .,xt) ^ hixi H h hxt, 

where bi, . . . ,bt are given rational coefficients. Let C, C be subsets o/N* and let 
ai, . . . ,at be non negative integers such that the following properties are satisfied: 
for any (xi, . . . , Xt) G C , one has 

• X{xi,. ..,xt)>0, 

• i/A G N and X < A(xi, . . . ,xt), then {xi — Xai, X2 — Xa2, . ■ . ,Xt — Xat) G C". 
Let p be a quasi-polynomial over C and define the map F as: 

F{xi,...,xt) ^ ^ p(a;i - Aai,a;2 - Aa2,...,a;t - Aat). 

< A < X{xi,...,xt) 

Then F is a quasi-polynomial over C . 

Proof. Let d > 1 be the period of the quasi-polynomial p. Let Pdid2---dt^ with 
< di < d — 1, be the polynomials defining p. Consider the set of integers fi: 

0<n < \Xixi,...,Xt)] -1, 

and consider on it the partition: 

Fo{xi,. ..,xt) UFi{xi,. ..,xt)U--- UFd-i{xi,.. .,Xt), (4) 

defined as: for any j = 0, . . . , d — 1: 

/i G Fj{xi, . . . ,Xt) <J=> < /i < [A(xi, . . . ,Xt)~\ — 1 and fj. = j (mod d). 

By Eq. (m, for every {xi, . . . ,Xt) & C, we have: 

F{xi,...,xt) = ^Sj{xi,...,xt), (5) 

i=o 



where, for any j = 0, . . . , rf — 1: 

Sj{xi,...,xt) = ^ p{xi - fiai,X2- tJ,a2,...,Xt - fiat). 

tiGFj{xi,...,Xt) 

Now we prove that, for any j = 0, ... ,d — 1, Sj is a quasi-polynomial over C. 

Let us fix a tuple {di, . . . ,dt) G {0, 1, . . .d — 1}'. Let {xi, . . . ,xt) be such 
that Xi = di modd. Then for any /z G Fj{xi, . . . ,xt) one has Xi — fxai = di — 
jaiUiodd. Now set q = PciC2-ct, where (ci,...,ct) G {0, l,...(i— 1}* and 
Ci = di — jai mod d. One has 

Sj{xi,...,xt) ^ ^ q{xi~ fiai,X2- fia2,...,xt- fiat). 

tj.eFj{xi,...,xt) 



On the other side, by Eq. (JH), one easily checks: 



F_,(a;i,...,xt) = {j + dfieN \ 0</i< 



[A(xi,...,a::t)] - 1 - j 



It is important to remark that, in the formula above, if A(a;i, . . . , xt) — 0, then 

\X{xi,...,xt)] -l-j ^ p 
d 

In this case, since for any < j < d — 1, \ ~ 1 — j\ < d, one has 

-1- i 

Hence A(a;i , . . . ,xt) — implies that Fj {xi , . . . ,Xt) is the empty set and thus 
5*^ is the null map. Let us consider the map 

S:N' X {{-1}UN} — >N, 

where S{xi, . . . ,Xt,x) is defined as: 

Z]^=o 9(2^1 ~ (i + fJ-d)ai,X2 - {j + fid)a2, ...,Xt - {j + fJ.d)at) x >0 

x = ~l. 

By the definition of the map 5, for every (xi , . . . ,xt) G C, with Xi = di mod d, 
one has: 



Sj{xi,. .. ,xt) = S [xi,. ..,xt 



[A(xi,...,a:t)] -l-j 
d 



(6) 



Therefore, by applying Lemma[T]to 5, there exists a polynomial Q{xi, . . . ,Xt,x) 
such that, for any {xi,. . . ,Xt,a;) G N* x {{-1}UN}, 



S{xi, ...,xt,x) = Q{xi, . . .,xt,x), 



(7) 



hence, from Eqs. (O and ([7]), for every (xi, . . . ,Xt) € C, with Xi — diUiodd, 
one has 



Sj{xi,...,xt) = Q{xi 



,Xt, 



\\{xl,...,xt)^ - 1 - j 



)■ 



By Lemma [TBI of the Appendix, one has that: 

\X{xi,...,xt)'] -1- j 



(8) 



(9) 



is a quasi-polynomial in the variables xi 



,xt. Therefore, by Eq. 



, Sj 

coincides with a quasi-polynomial on the set of points {xi, . . . ,xt) G C, with 
Xi = di modd. Obviously this fact holds for any {di, . . . ,dt) G {0, 1, ... d — 1}* 
and, by Lemma [31 5"^ is a quasi-polynomial over C. Finally, the fact that F is 
a quasi-polynomial over C follows from Eq. ([5]) by using Lemma [H D 

Lemma 5 Let X : N* — > Q be a map such that, for any (xi, . . . ,Xt) £ N*, 

A(xi, . . . ,xt) ^ bixi H h btXt, 

where bi, . . . ,bt are given rational coefficients. 

Let C, C" be subsets of N* and let ai, . . . , at be non negative integers such 
that the following properties are satisfied: for any (xi, . . . ,Xt) G C, one has 

• A(xi, . . . ,xt) > 0, 

• for any A G N such that A < A(a;i, . . . , xt), {xi — Aai, X2 — Aa2, . . . ,Xt — 
Xat) G C". 

Let p be a quasi-polynomial over C and define the map F as: 

F{xi,. ..,xt) ^ ^ p{xi - Xai,X2 - Xa2,. ■■ ,xt - Xat). 

< A < X(xi,...,xt) 

Then F is a quasi-polynomial over C . 

Proof. The proof of Lemma [5| is the same of that of Lemma [D except the point 
we describe now. In the sum above that defines the map F ^ the index A runs 
over the set of integers of the closed interval [0, A(a;i, . . . , Xt)] so that: 



A < LA(a;i 



,Xt)\- 



Therefore, in order to prove the claim, one has to prove a slightly modified 
version of Eq. ^ of Lemma[31 that is: for any j = 0, . . . , d — 1, 

[A(a;i,...,a;t)J - j 



is a quasi-polynomial with rational coefficients in the variables xi, . . . ,xt. This 
can be done by using an argument very similar to that one adopted in the proof 
ofEq. dH). D 



Lemma 6 Let Ai, A2 : N* — > Q be 2 maps such that, for any {xi, . . . , xt) G N*, 

Ai(a;i,...,a;t) = biXi H hfot^t, A2(a;i,. ..,Xt) = CiXi -\ h c^xt 

where bi, . . . ,bt and ci , . . . , ct are given rational coefficients. 

Let C be a subset o/N* and let ai, . . . ,at be non negative integers. Suppose 
that, for any (xi, . . . , xt) G C, one has: 

< Ai(xi, ...,xt) < A2(xi, . . .,xt), 

and, for any A G N such that Ai(a;i, . . . , xt) < A < A2(a;i, . . . , Xt), one has: 

{xi - Xai,X2 - Aa2, . . . ,xt ~ Aoj) e C", 

where C is a given subset o/N*. Let p be a quasi-polynomial over C and define 
the map F as: 

F{xi,...,xt) ^ ^ p(a;i - Aai,a;2 - Aa2,.. .,a;t - Aat), 

Ai < A < A2 

where Ai — Ai(a;i, ...,2:4) and A2 = A2(a;i, . . . ,Xt). Then F is a quasi-polynomial 
over C . The same result holds whenever the index A runs in the set of integers 
of the intervals: 

(Ai,A2), (Ai,A2], [Ai,A2). 

Proof. Let us solve the case when A runs in the interval [Ai, A2]. Write 

F{xi,...,xt) = Si{xi,...,xt) - S2{xi,...,xt), (10) 

where: 

Si{xi,...,xt)= ^ p{xi- Xai,X2- \a2,...,xt- \at), 
< A < A2 

and 

S2{xi,. . . ,Xt) ^ ^ p{xi~ \ai,X2- \a2,. . . ,xt- Xat). 

0<A<Ai 

By applying Lemma [5] to 5*1 and Lemma 2] to 6*2 , we have that Si and ^2 are 
quasi-polynomial and by Lemma [2l so is 5*1 — 5*2. The claim now follows from 
Eq. (fTO|) . The other three cases are similarly proved. D 



Lemma 7 Assuming the same hypotheses of Lemma^ the function 
S{xi,...,xt) = ^2 p{xi - Xai,X2 - Xa2,...,xt ~ Xat). 

X{xi,...,xt) < A < A(a:i ,...,a:f ) 

is a quasi-polynomial over C . 



Proof. It is a direct consequence of Lemma HI assuming Xi{xi, . . . ,Xt) = 
X2{xi,...,xt) ^ X{xi,...,xt) D 

Now we want to define some suitable regions of K*. More precisely, our 
regions will be polyhedral cones determined by a family of hyperplanes passing 
through the origin. We proceed as follows. Let tt be a plane of R*. Let us fix 
an equation for tt denoted by n{x) = 0. We associate with n a map 

A :R*^ {+,-,£} 

defined as: for any a; £ M*, 

{+ if 7r(a;) > 0, 
e if 7r(a;) = 0, 
- if7r(a;)<0. 

We remark that the map defined above depends upon the plane tt and its equa- 
tion in the obvious geometrical way. We can now give the following important 
two definitions. 

Definition 3 Let H — {tti, . . . ,TTrn} be a family of planes o/R* that satisfy the 
following property: 

• n includes the coordinate planes, that is, the planes defined by the equa- 
tions X£ = 0, £ = 0, . . . , i; 

• every plane of H passes through the origin. 

Let ^ be the equivalence defined over the set N* as: for any x, x' € N*, 

X -^ x' ^=> Vi = l,...,m, fiT,{^) = U.i'x'). 
A subset C of N* is called a region (with respect to H) if it is a coset of ~ . 

It may be useful to keep in mind that the singleton composed by the origin 
is a region. Moreover if t = 2, the set of all points of N* \ {0} of every line of 11 
is a region also. 

Definition 4 Let F : N* — > N be a map. Then F is said to be a box spline 
in N* if there exists a partition C — {Ci, . . . ,Cy} of regions of N* - defined by 
a family of planes satisfying Definition [^ - and a family pi, . . . ,Py of quasi- 
polynomials, every one of which is associated with exactly a region of C, such 
that, for any (xi, . . . ,Xt) G N*, one has: 

F{xi,. ..,Xt) =Pa{xi,.. .,Xt), 

where a is the index of the region Ca that contains {xi, . . . ,Xt). 

Lemma 8 The sum of a finite family of box splines is a box spline. 
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Proof. It suffices to prove the claim for two box splines. Let Fi and F2 be two 
box splines and let C — {Ci, . . . , Cy} and V = {Di, . . . , Dz} be the famihes of 
regions of Fi and F2 respectively. Moreover, let {pi, . . . ,pj,} and {qi, . . . ,qz} 
be the families of quasi polynomials of Fi and F2 respectively. 

Consider the box spline defined as follows. Let £ be the partition of regions 
of N* given by the intersection of C and V respectively. It is worth noticing that 
£ is determined by the union of the two families of hyperplanes that define C 
and V respectively. Then we associate the map rim = Pi+Qm with every region 
Elm of £. By Lemma m r;,„ is a quasi-polynomial. For any x S N* we have 



Fi{x) ^Pl{x), F2{x) ^ qrn{x), 



where I and m are the indices of the regions Ci and Dm that contain x. Hence 
we have 

Fi{x)+F2ix) =rim{x), 

while x belongs to the region Eim- Since rim is the quasi polynomial associated 
with Elm, this proves that Fi + F2 is equal to the box spline defined above. D 

The following lemma is a crucial tool in the proof of the main result of this 
section. 

Lemma 9 Let G : N* — > N be a box spline and let ai, . . . ,at € N with 
(ai,...,at) 7^ (0, ...,0). Consider the map A : N* — > N that associates with 
every (xi, . . . ,xt) G N*, the value 

A(a;i,. . . ,a;t) = min <^ — | a^ 7^ 
i, a. 

Let S : N* — > N be the map defined as: for every (xi, . . . , Xt) G N*, 

S{xi,.. .,xt) ^ ^ G{xi - Xai,X2 - Xa2,.. -jXt - Xat). (11) 

0<A<A(a;i,...,a;t) 

Then S is a box spline. 

Proof. In order to prove the claim, we first associate with the map S a new 
family of regions that we define now. Let 11 be the family of planes associated 
with the box spline G. For any (xi,a;2, . .. ,xt) G N* consider the line defined 
by the equation parameterized by A: 

{xi- Xai,X2 - \a2,. ■ ■ ,xt - Xat). (12) 

Let TT be a plane of the family 11 and let tt{x) = J2i=i t f^i^i = be its 
equation. The value of A that defines the point of meeting of the line (|12p with 
TT is easily computed. Indeed, A is such that 



y^ Piixi - Xui) ^ 0, 



i=l. 
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so that 



which gives 



where 



J2 P^X^^\■ Y. /^*"* (13) 



,t 



A= Y. 7-^' (14) 

i=l,...,t ^ 



7 = X! ^«"*- 
1=1,. ..,t 

It is worth to remark that Eq. p^ is not defined whenever 

1^ Y. /5*«* = 0- (15) 

i=l,...,t 

Let us first treat Eq. P^ . Here, either the fine of Eq. P^ belongs to tt or such 
a fine is parallel to tt. Therefore, for every point x of the line of Eq. (fT^ . the 
value of /tt {x) is constant so that tt is not relevant in determining a change of 
region when a point is moving on the line of Eq. (|12p . Because of this remark, 
we shall consider only planes of 11 for which Eq. p^ does not hold. Denote 11' 
this set of planes. For any tt G II', with equation t:(x) ~ X]i=i t Pi^i ~ ^^ 
consider the homogeneous linear polynomial 

A,r(2;i, . . . , a;j) = > — Xj, 

7 

4=1, ...,t ' 

where 7 = X]i=i t Pi'^i- We remark that for any (xi, a;2, . . . , Xt) € N*, the line 
parameterized by Eq. p2p meets the plane tt in the point corresponding to the 
parameter A — A7r(xi, . . . ,xt). 

Take an arbitrary strict total order < on the set II and consider the new 
family II of planes defined by the following sets of equations: 

1. ■nix) =0, TT G n 

2. \tjt^i{xi, . . . ,Xk) ~ 0, with 7r,7r' G II', tt < tt', and XTrTr>{xi, . . . ,Xk) = 
X^{xi,.. .,Xk)- K>{xi,. .. ,Xk)- 

Call C the family of regions of N* defined by II. 

We now associate with every region of C a quasi-polynomial. In order to do this, 
we need to establish some preliminary facts. Let us fix now a region C of C and 
let X = {xi, . . . ,xt) be a point of N* that belongs to C. Let i be such that 

A(x) = ^. 
Observe that, for any other point x' = {x[, . . . ,x[) in C, one has 

A(x') = ^. 
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Indeed, it is enough to prove that, for any given pair of distinct indices i,j, 
we have: 

til (Jj 'J tJil Ct") 

This is equivalent to say that: 

where tt, tt' are the planes Xi = and Xj = respectively. The previous equiva- 
lence is true because x and x' belong to the same region of C. 

Another important fact is the following. Let us consider any point x of the 
region C of C. Consider the subset of planes of 11': 

{tti, . . . , tt™} == {tt e n' I < A^(a;) < A(x)}. 

We can always assume, possibly changing the enumeration of the above planes, 
that 

< A^i (a;) < • • • < A^„ (x) < A{x). 

Remark. Observe that, for any other point x' of C, one has 
{7ri,...,7r„} = {7rGn' | < A^(x') < A(a;)}. 

and 

< A^, (x') < • • • < A^„ (x') < A(a;'). 

The remark above can be proved by using an argument very similar to that 
used to prove the previous condition. We suppose that the above inequalities 
are strict, i.e. < ATi(a;) < • • • < A7r„(x) < A(x). In this case, as before, one 
proves that the same inequalities are strict for any other point x' of the region 
C. The case when the inequalities are not all strict can be treated similarly. 

From now on, by the sake of clarity, for any x — {xi, . . . ,xt) G N we set 
y\{x) ^ (xi - Xai,...,xt - Aot). 
Consider the following sets: 

• Yo{x) ^ {y^{x) I AeNn[0,A,,(x))}, 

• Y^{x) ^ {yx{x) I AeNn(A,„,A(x))}, 

• Y,{x) = {yx{x) I A e N n (A^, {x),X^,^, (x))}, i = 1, . . . , m - 1. 



Z,{x) = {yx{x) I AeNn{A^^(x)}}, z=l,...,m. 
Z^+i{x) = {yx{x) I AGNn{A(x)}}. 
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We are now able to associate a quasi-polynomial with the region C oi C. For 
this purpose, take two points x,x' in C. By the facts discussed before, one 
has that the lines of Eq. p^ associated with x and x' respectively, meet the 
planes of H' in the same order. We recall, that a change of region on the generic 
line of Eq. ([T^) happens only when the line meets a plane of 11'. Therefore, 
since C is a refinement of C and x and x' are in a same region with respect 
to C, the above conditions imply that, for every i — 0, . . . ,m, the two sets of 
points Yi{x) and Yi(x') are subsets of a same common region of C. Hence there 
exists a quasi-polynomial pi, depending on i and on the region C, such that, 
for any y € Yi{x) and for any y' G Yi{x'), G{y) = pi{y), G{y') = Pi{y'). By the 
previous remark and by Lemma[Sl one has that, for any z = 0, ..., ?7i, there exists 
a quasi-polynomial g^, depending on i, and on C, such that for any x G C 

q,{x)= J2 Giy). 

Observe that, since x and x' are in the same region C, as before one derives 
that Zi{x) and Zi{x') are in the same region with respect to C. Therefore, as 
before, by applying Lemma [7] there exists a quasi-polynomial r^, depending on 
i and on C, such that for any a; G C 

nix)= J2 G(y)- 

yez,ix) 

On the other hand, by Eq. pTj) . we have that, for any (xi, . . . ,Xt) £ C, 
S{xi, . . . ,Xt) is equal to: 

qa{x) +ri{x) + qi{x) + r2{x) + q2{x) -\ r„i(a;) + qrn{x) +rm+i{x). (16) 

Thus, S{xi , . . . , xt) on the region C is represented as a sum of quasi-polynomials. 
This, together with Lemma [2] applied to Eq. (|16p imply that the map 5 is a 
quasi-polynomial over every region of C The proof of the claim is thus complete. 

D 

Theorem 1 Let 

5 : N* — > N 

he the map which counts, for any vector (rii, . . . , Ut) G N*, the number oj distinct 
non negative solutions of a given Diophantine system: 

aiixi + ai2X2 + • ■ • + aikXk — ni 
a2ixi + a22X2 + • ■ • + a2kXk = n2 

• • (17) 



atixi + at2X2 -\ \-atkXk= nt. 

where the numbers aij G N and, for every i = 1, . . . , fc, there exists j = 1, . . . , i 
such that aij ^ 0. The map S is a box spline. Moreover such box spline can be 
effectively constructed starting from the coefficients of the system. 
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Proof. For any vector (ni , . . . , n*) G N*, let Sol(ni , . . . , nt) be the set of the non 



negative solutions of the Diophantine system p?]) and denote by 5 : N* 
the map defined as: for any vector (m, . . . ,nt) e 



N, 



S{ni, . . . ,nt) — Card(Sol(rii 



,«t)), 



that is, it associates with every vector (ni, . . . , nt) the number of non negative 
distinct solutions of the system ([TT]). Let us prove that the map 5 is a box 
spline. For this purpose, we proceed by induction on the number of unknowns 
of the system ([T7)) . We start by proving the basis of the induction. In this case, 
our system has one unknown, say x, and it can be written as: 



aix 
a2X 



ni 
n2 



atx = nt 



The system has solutions (and, in this case, it is unique) if and only if there 
exists A £ N such that: 



A(ai 



,at) = (Aai,.. .,Xat) = (ni,. ..,nt). 



(18) 



Let us consider the line i (through the origin) defined by the parametric equation 
p^ . The line i can be determined as the intersection of suitable planes through 
the origin. Let us consider the family of regions defined by the set of these planes 
together with the coordinate planes. One can easily associate with every region 
a quasipolynomial. For this purpose, we remark that the set of points of the 
line i with integral coordinates, without the origin, is a region. On this region, 
the counting function of the system takes the value or 1 . Therefore this map 
coincides with the quasi-polynomial given by p = 0, q = 1 with the periodical 
rule d = lcm{ai, . . . , at}. To any other region, we associate p. The basis of the 
induction is thus proved. 



Let us now prove the inductive step, 
system (1171) can be written as: 



If (xi. 



, Xfc) e Sol(ni, . . . ,nt), the 



ai2X2 
0-22X2 



+ aikXk = ni - aiixi 
+ a2kXk — n2 - 021X1 



(19) 



0(2X2 H VatkXk^ nt-otixi. 

This implies that: 

rii — OiiXi > 0, 712 — 0213^1 > 0, nt — OtiXi > 0, 
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so that, since xi must be an integer > 0, one has: 



<a;i < — ^, 0<a;i < ^-. 

On 021 



. ., 0< xi < 



Oil 



and thus: 



< xi < A(a;i, . . . ,Xt), 



where the map A : N* — > N is defined as: 



A(xi, . . . ,xt) = min<^ — | an ^ Q 
an 



(20) 



We remark that, since the vector (on, 021, . . . , o^i) ^ (0, 0, . . . , 0), the map 
A is weh defined. Set K — [A(a;i, . . . , xt)J . We can write Sol(rii, . . . , n^) as: 

Sol(ni,...,nt) = (OxSolo) U (1 x Soli) U ... U (iC x SoW), (21) 

where, for every « = 0, . . . , X, Sol; denotes the set of non negative sohitions of 
the Diophantine system: 



012X2 
0222^2 



+ aikXk = ni - oiiJ 

+ a2kXk = ^2 - 021« 



(22) 



at2a;2 + 1- atkXk = nt - a^i. 

By Eq. (|2ip . for any (rii, . . . , fit) G N*, we have: 

S{ni,...,nt)= ^ Card(Solj). 



(23) 



i=0,...,K 



By applying the inductive hypothesis to the system (|22|) , we have that there 
exists a box spline G : N* — > N such that, for any (ni, . . . , nt) G N*, if < « < 

Card(Soli) = G{ni - ani, 712 - 021?, . . . ,nt - atii), (24) 

one has: 



so that, by Eq. ([23]) and Eq 

5(ni, . . . ,rtf) = ^ G(ni - Aoii,n2 - A021, . . . ,nt - Aoti). (25) 

0<A<A(2:i,...,a;t) 

By Eq. (P5)) . the fact that 5 is a box spline follows from Lemma [51 Finally we 
remark that the proof gives an effective procedure to construct the claimed box 
spline that describes the map S. D 



Corollary 1 Let 



S:W 



N 
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be the map which counts, for any vector (ni , . 
solutions of a given Diophantine system: 



,nt) 6 N*, the number of distinct 



020 



aiixi 
021X1 



012X2 + 
022X2 + 



+ aikXk = 
+ a2kXk = 



flfo + oti^i + 0(2X2 H h atkXk 



ni 
n2 



nt. 



(26) 



,i 



where the numbers aij G N and, for every i = 1, . . . ,k, there exists j — 1, 
such that Uij ^ 0. Then there exists a finite set X of vectors o/N* such that the 
map S is a box spline over the set N* \ X. Moreover such box spline and the 
set X can be effectively constructed starting from the coefficients of the system. 

Proof. First consider the system 



aiixi +ai2X2 
021X1 + 022X2 



flfiXi +0(2X2 



aikXk = ni 
a2kXk = n2 



(27) 



a-tkXk 



nt. 



According to Theorem [TJ there exists a box sphne F that counts, for every 
(rii, . . . , nt) e N*, the number of the solutions of the diophantine system ((27l) . 
Let C = {Ci, . . . , Cy} be the family of partitions of N* and {pi, . . . ,Pm} be the 
family of quasi-polynomials that define F. 

Let Oo = (oiO) • • • )Oto) be the vector whose components are the constants 
ttjo of the system (pS)) and let X be the subset of vectors rj of N* such that 
77 — ao ^ N*. The subset X is finite. For every 77 G N* \ X, one has that: 

<S{v) ^Pz{v~ao), 

where z is the index of the region of the family C that contains the vector 77 — 00. 
Therefore, the quasi polynomial used to compute the map S at the point n is 
obtained, from one of F, by a traslation, modulo the vector oq, of the vector 77. 
From the argument above, one can easily show that the map 5 is a box 
spline. n 

3 Preliminaries on context-free languages 

3.1 Semi-linear and semi-simple sets 

The aim of this paragraph is to recall some classical results about rational sets 
of the free commutative monoid. We follow the notation adopted in [23]. Let M 
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be an additive commutative monoid and let B = {61, . . . , bk} be a finite subset 
of M. Then we denote by B® the submonoid generated by B, that is 

B® = {nibi + ■ ■ ■ + Ukbk I n, > 0}. 

The following definitions are useful. 

Definition 5 A subset X of a commutative m,onoid M is: 

1. linear if X — x + B® where x £ M and B is finite; 

2. simple if X is linear and X — x + B® where B® is a free commutative 
monoid with basis B and the sum x + B® is unambiguous; 

3. semi-linear if X is a finite union of linear sets; 

4- semi-simple if X is a finite disjoint union of simple sets. 

Remark 1 In the definition of simple set, the vector x and those of B shall be 
called a representation of X. 

In a commutative monoid, semi-linear sets are obviously rational. Conversely, 
the following result, due to Eilenberg and Schiitzenberger ([7j), allows to prove 
a remarkable property of rational sets (see |23| for a proof). 

Theorem 2 The rational sets of a commutative monoid are semi-simple. 

Remark 2 Theorem[2]is effective for free commutative monoids. Indeed, start- 
ing from a rational set X, one can effectively represent X as a semi-linear set. 
Moreover, starting from a semi-linear set X, one can effectively construct a fi- 
nite family of finite disjoint sets of vectors, each one generating a simple set, 
and such that their union is B. 

The aim of this paragraph is to recall some classical results about context-free 
and regular languages (see [TJ [HI HH US] ) • Now we recall the celebrated Cross- 
Section theorem by Eilenberg. 

Theorem 3 Let a : A* > B* be a morphism and let L be a rational language 

of A* . Then one can effectively construct a rational subset L' of L such that a 
maps bijectively L' onto a{L). 

Let A — {ai, . . . ,at} be a finite alphabet and u E A* he a word. Then the 
Parikh vector of u is defined as 

V'(w) = {\'u\a,,---,Hat), 

and the map 

^:A* — >N*, 

defined above is the canonical epimorphism associated with the free commuta- 
tive monoid N''". In the sequel, ip will be also called the Parikh map. Now we 
state the following well known theorem due to Parikh. 



18 



Theorem 4 The image of any context-free language under the Parikh map is 
an effective semi-linear set. 

3.2 Bounded languages 

The aim of this paragraph is to present some resuhs concerning bounded context- 
free languages. Let us first introduce the notion of bounded language. 

Definition 6 Let L be a language of A* . Then, for any positive integer n, L 
is called n-bounded if there exist nonempty words Ui, . . . ,u„ €z A* such that 

LCul---ul. 

Moreover, we say that L is bounded if there exists an integer n such that L is 
n-bounded. 

Theorem 5 (Ginsburg, 1§I) It is decidable whether a context-free language is 
bounded or not. 

Remark 3 The procedure involved in the test of Theorem[5]allows to construct, 
from a given bounded context-free language L, a finite set {wi, . . . , Uk} of words 
such that L C u* ■ • • u^ . 

Let us consider a bounded language L C u* • • • u^. We set 

Ind{L) = {{h,...,h)£n'' I u['---u[' eL}. 

The following result was proven in [5]. For the sake of completeness, we give a 
simple constructive proof using Theorem [51 

Theorem 6 Let L be a bounded context-free language. Then Ind(L) is a semi- 
linear set. Moreover, one can effectively construct I nd{L). 

Proof. Let S be the alphabet of L and let L C m* • • ■ u|:. Let A = {ai, . . . , Ok] 
be a new alphabet with k letters. Consider the morphism 

C : ^* — > S*, (28) 

generated by the map, 

Vi = 1, . . . ,fc, a.i — > Ui. 

Since L is context-free, the language 



X = C {L) n a^ 



'■fel 



is also context-free and by Theorem |4l ipiX) is semi-linear. Finally it is easily 
seen that Ind{L) = il^iX). Indeed, for every vector x = (/i, . . . ,lk) £ N'^, we 
have. 
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X e Ind{L) =^ u[' ---u^ eL => a[' ■ ■ ■ a[^ £ X =^ 

so that Ind(L) C 'il)[X). The inverse inclusion is similarly proved. Hence Ind(L) 
is semi-linear. 

Since every step of this proof and Theorem 3] are effective, one has that 
Ind{L) can be effectively computed starting from L. D 

If L C u* • • • u^, then we define the map: 

(^iN*^ — >ul---ul, (29) 

such that, for every vector (/i, . . . ,lk) £ N*^, 



0(Gi,...,Zfc)) = u'/ 



^1 ^.^k 



■ u 



k 



The following result proved in [JJj is a consequence of Theorems |3] and ID 

Lemma 10 Let L C_ u^ ■ ■ ■ u^, be a bounded context-free language. Then there 
exists a semi-linear set B of W^ such that (f>{B) — L and (j> is injective on B. 
Moreover, B can be effectively constructed. 

Proof. Let S be the alphabet of L and A — {ai, . . . , Ofc} be an alphabet with k 
letters. Consider now the morphism ( : A* — > E* as defined in (pS)) . Since 

>/ ^ * \ * * 

C(ai---afe) = Ui •••%., 

by Theorem [3l there exists a regular subset R of aj ■ • ■ a^ such that C maps 
bijectively R onto ul- ■ ■ u^. Let L' be the language defined as 

L' = ^-i(L)ni?. (30) 

Since L' is context-free, by Theorem [51 the set Ind(L') is a semi-linear set of 
N*^'. Set B = Ind{L'). As shown in [12], one can easily prove that L — <f>{B) 
and, moreover, (p is injective on B. 

Let us finally prove that B is constructible. Indeed, by Theorem [3l the set 
R is effectively constructible. On the other hand, by applying standard results, 
the set L' defined in Eq. ([50)1 is an effective context-free language. By using 
Theorem [51 we can effectively construct the set B = Ind{L') which is semi- 
linear, n 

We finally close this paragraph by stating the following remarkable characteri- 
zation of bounded context-free languages, (see [T5 l [2T | [22] ) . 

Theorem 7 Let L be a context-free language. Then L is sparse if and only if 
L is bounded. 
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4 On the Parikh map of bounded context-free 
languages 

The first result we prove, concerns the structure of the Parikh map of a bounded 
context-free language. More precisely, we will prove that, given a sparse context- 
free language L on an alphabet A = {ai, . . . ,at}, it is possible to effectively as- 
sociate with L a box spline F : N* — > N such that, for any vector (ni, . . . , rit) G 
N*, one has: 

i>{ni,. ..,nt) = F{ni,.. .,nt). 

In the sequel, we make the following assumption. 

Assumption We assume that L Qu\- ■ -u^'is a. bounded context-free language 
and, according to Lemma [TUl and Theorem [21 there exists a semi-simple set B 
such that L = (t>{B) and (f) is injective on B. Set 

(31) 



where, for every i — 1, 



B 


- U 


B,, 




i=l,...,; 




, s, Bi is 


simple and let 


L 


= u 


i., 




i=l,...,; 


5 


, s, Li = 


HB^). 





(32) 



where, for every i = 1 

We need some preliminary results. 

Lemma 11 Let Li and Lj be two languages of Eq. i3^) with i ^ j . Then Li 
and Lj are disjoint. 

Proof. By contradiction, suppose that Li O Lj ^ $ and let x E Li D Lj.Then 
there exist Ci G Bi and Cj £ Bj such that 

X = (/)(Ci) = 0(Cj). 

By the injectivity of on i?, we have 



and thus 

B, n Bj / 0, 

which is a contradiction. This proves the claim. D 



Lemma 12 Let Bi be a simple set of Eq. L31\) and 

B,^bo + bf + --- + b^, 

where bQ,...,bn are the vectors of the representation of Bi. Then, for every 
vector V = {vi, . . . ,Vt) G N*, the number of words of Li whose Parikh vector is 
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V, equals the number of non-negative integer solutions of the Diophantine system 
of the t equations {Ei[v)}i=i^,,,^t '■ 



Aj + Ajxi + A2X2 
Aq + Xjxi + \\X2 



+ A,\.T„ = Vl 
+ Xlxn ^ V2 



(33) 



Aq + A'^Xl + A2X2 H h XnXn = Vt 

where, for every i = 0, . . . , n and j — 1, . . . ,t, 

Proof. For any vector v = {vi, . . . ,vt) £ N*, let Sy be the subset of vectors 
X = (xi, . . . ,Xn) e N" which are sohitions of the system (|33p . Define the map: 



Dy 



L,, 



as 



9{x) = 9{xi, .. .,Xn) ^ 4>{ho + &l2;i H \- bnXn)- 

One can check that, for every £ — 1, . . . ,t: 

10(60 + hxi H h bnXn)\ae = Ag + Ai^i H h A^X„ 



Vl, 



SO that the codomain of 9 is i,; fl ip^^{v), that is the set of all words of Li whose 
Parikh vector is v. 

Now we prove that is a bijection of Sy onto the language Liriip^^{v). The map 
9 is injective on its domain. Indeed, let x = {xi, . . . , Xn), y — (j/i, • ■ • , Vn) G Sy. 
If 9{x) = 9{y) then 

(f>{bo + biXi H h bnXn) = 0(60 + &12/1 H H ^n^n), 

and, by the injectivity of (/) on Bi, we have 

&o + bixi H 1- bnXn = 60 + &12/1 H h 6„y„. 

Since S^ is simple, the latter gives 

\f i = l,...,n, Xi=yi, 

thus obtaining x = y. 

We prove that the map 9 is surjective. Indeed, let u ^ LiO tp^^{v) and let 
X (z Bi such that (j){x) — u. Write x as x = b^ + bixi + • • • + bnXn- One has 
V — tp{u). It is easily checked that, for every £ — 1, . . . ,t: 

Ag + X^Xl H h A^Xn = W£. 

Hence so that x Cz Sy and 0(a;) — u. Thus is surjective and, therefore, 
Card(Li n ■0^^(w)) — Card(S',j). The proof of the lemma is thus complete. D 
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Lemma 13 Let Li be a language of Eq. \3S]) . Then there exists a box spline 
F : N* — *■ N and a finite set X^. of vectors of N* such that, for any vector 

(ni,...,nt)eN* \ Xl,, 

one has: 

F(ni,.. .,nt) = Card({u G ii | V(w) = ("-i, •■•, "-*)})• 

Proof. It immediately follows from Lemm.a [T^] and Corollary [T] D 

Theorem 8 Let L be the language of Eq. i32\) . Then there exist a box spline 
F : N* — > N and a finite set X^ of vectors of N* such that, for any vector 

{ni,...,nt)&N* \ Xl, 

one has: 

F{ni, . . . ,nt) = Card({M e L \ ijj{u) = (ni, . . . , nt)}). 

Proof. For the sake of simplicity, assume that L = Li U L2, the proof in the 
general case being completely similar. By Lemma 1111 we have that, for every 
77 — (ni, . . . , Tit) G N*, the number 

0(77) = Card({u £ L \ ip{u) = n}) 

is equal to: 

c(?7) =ci(?7) +02(77), (34) 

where 

€1(77) = Card({u e ii | 7/^(77) = 77}), 02(77) = Card({7i £ L2 | 7/^(77) = 77}). 

By Lemma [131 there exist two finite subsets Xi , X2 of N* and two box 
splines i^i, F2 such that: 

Vr,eN* \ Xl„ ci (77)^^^1(77), 

and 

V7;gN* \ Xl,, 03(77) = i^2(^). 

Let Xl = Xl U X2 and let F ^ F1+F2. For any 77 e N* \ Xl, we therefore 
have 

0(77)^01(77) +02(77) = ^i(77)+F2(77) = F(77). 

The claim finally follows by observing that, by Lemma[51 F is a box spline. D 

Theorem 9 The box spline F and the finite set Xl defined in the statement of 
Theorem\^ can be effectively constructed starting from the language L. 
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Proof. The proof is a walk through the results, each one being effective, we 
gathered so far. It is useful to divide the proof into the following subsequent 
steps. 

Step 1. Starting from L, one can effectively construct a finite set {wi, . . . , Uk} 
of nonempty words such that L C m| • ■ • w^ . This is done by executing the 
procedure involved in Theorem [5] (c/. Remark [3]). 

Step 2. One can effectively construct a semi-linear set i? C N'^ such that 
L = 4){B) and ip is injective on B. This is done in Lemma [TOl 

Step 3. One can effectively represent i? as a semi-simple set. More precisely, 
one can construct a finite family of finite sets of vectors, say {Vi}, where Vi is 
a representation of Bi and such that the union of the i?i's is B. This is done 
according to Theorem [2] and Remark [2l 

Step 4. For every n > and for every set Vi, one can effectively construct the 
Diophantine system of the t equations {Ee{v)}i=i^,,,j stated in Lemma 1121 
This is done by using the sets of words {ui, . . . ,Uk} and the vectors of Vi. 

Step 5. Since Corollary [T] is constructive, for every language Li = (j>{Bi), one 
can effectively construct a box spline Fi : N* — > N and a finite set X^. of 
vectors of N* such that, for any vector 

{ni,...,nt)eN' \ Xl,, 

one has: 

Fi(ni,.. .,nt) = Card({u e i., | ?/;(■") = (rii, ■••, "-*)})• 

Finally, by applying the construction shown in the proof of Theorem [5] and 
starting from the set of box splines defined in Step 5 for every language Li, we 
can effectively obtain the box spline F considered in the claim. D 

5 On the rationality of the Parikh map of a 
sparse context-free language 

As shown in Section[4l given a bounded context-free language, one can effectively 
construct a Diophantine system such that its counting function associates with 
every vector of N* the number of words of the language whose images, under the 
Parikh map, is the given vector. The aim of this section is to prove that such 
a map is rational. In order to prove this result, some preliminary notions and 
results concerning formal power series have to be recalled. We follow the classical 
reference [20]. Let K be a commutative semiring and let X — {xi, . . . ,xt} be a 
set of t commutative variables. We identify the set of all commutative monomials 
over X with N*. We denote by K[X] and by K[[X]] respectively the semiring of 
polynomials and the semiring of formal power series on the set of commutative 
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variables X and with coefficients taken in K. A power series is a map N' 
Any power series r of K[[X]] can be written as a formal sum 

E/ n-i rif \ n-i rif 

ni....,nteN 



where (r, a;"^ ■ • • a;"* ) is the coefficient of K associated with the monomial x"^ ■ ■ ■ x 
by the series r. We recall that the family of rational power series of K[[X]], de- 
noted _Rat(IK[[X]]), is the smallest subset of K[[X]] that contains K[X] and that 
is closed with respect to the rational operations, that is, the operations that, 
given series s,f G K[[X]], associate with them, the sum s + t, the (Cauchy) 
product st and the star s* — J^t^o '^*- ^^ ^^^^ prove the following statement. 

Theorem 10 Let us consider a Diophantine system defined as: 

aoi + aiixi + ai2X2 + h aifeXfe = ni 

ao2 + ai2Xi + a22X2 + • ■ • + a2kXk — 't-2 



(35) 



Got + aitxi + 024X2 + h atkXk = nt 



where, for every i — 0, . . . ,k and j — 1, . . . ,t, Oji G N. Let S : N* — > N be 
the counting function of the system, that is the map that associates with every 
(ni, . . . ,nt) G N* the number of non negative solutions of the system. Then S 
is N-rational. 

Let us associate with the system ((35|) a formal power series S G N[[X]] defined 
as: 

S = SqSi ■ ■ ■ Sk, 

with 

So = xr'---x'i"\ 

and, for every i — 1, . . . , fc, 

where the numbers a^ are the coefficients of the system psp . 

Since, for every i = 0, . . . , /c, the series Si G i?at(N[[X]]) and since i?at(N[[X]]) 
is closed under the rational operations, one has that S G i?ai(N[[X]]). 

Lemma 14 The series S is equal to the map S. 

Proof. By developping the formal series S = SqSi • • • 5*^., we have that S is equal 
to: 

Mfc>0 
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By the formula above, one can check that, for any x"^ • • • a:"* , the coefficient 
(S", Xi^ ■ ■ ■ x"*) of x"^ • • • a:"' is the cardinal number of the set: 

{(/xi,...,Mfc) eN* I x^l'-'-x"^' = xl"' ■ ■ ■ xl"' ■ {xl'^---x1''Y' ■■■{x1"---x1'''Y''}). 

The number above is cleary equal to the value of the map S computed at 
(ni, . . . ,nt) and this concludes the proof. D 

Now we can prove Theorem 1101 

Proof of Theorem [To] By Lemma [HI the counting function S of the Diophan- 

tine system (j35p coincides with the formal power series S. The claim follows by 
recalling that S is N-rational. D 

We can now prove tha announced result of the section. Let L be a given language 
over the alphabet A — {ai, . . . , at} and let (f>L '■ N* — > N be the map defined 
as: for every a; G N*, 

4>l{x) — Card({M G L \ ipi^) — x})- 



Corollary 2 The map 0^ of a bounded context-free language L is N-rational. 

Proof. As shown in Section [H given a bounded context-free language, one can 
effectively construct a Diophantine system defined as in Eq. (|35p such that 
its counting function coincides with the map 4>l- Then the claim follows by 
applying Theorem [TOl D 
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Appendix of Section [2] 



The following lemma can be proved by following [T^, Ch. 1. 

Lemma 15 Let m £ N. There exists a polynomial p in one variable x with 
rational coefficients such that: 

1) for any n S N, p{n) = Y.\=o,...,n ^"^ ' 

2) p factorizes as p{x) — {x + l)p'{x) where p' is a polynomial in one vari- 
able X with rational coefficients. 

Proof. Let m > 1. There exist numbers bo, . . . ,bm such that, for every fc e N, 
the number A:™ can be expressed as: 

Therefore, the previous equation gives: 

k=Q.,...,n k=Q.,...,n ^ ^ k=0,...,n ^ ^ k=0,...,n 



On the other hand, one has that: 



m 
(36) 



k=0,...,n V / V / 

By applying Eq. (P7|) to every addendum of the sum of Eq. ([5S)) . one obtains a 
polynomial p that satifies the claim of the lemma. D 

Example Taking m — 2, we express as a polynomial the sum of the squares of 
the first k non negative integers. Let us recall that, for any fc G N: 

^2^2^^^ /A: 



2 J \ 1 
Then, for any n G N, by applying Eq. (f37|) . one has: 



k \ v-^ f k \ ^ f n + I \ f n+ 1 



E '^'-^ E 2 + E :^2 

k=0.,...,n k=0,...,n ^ ' k=0,...,n ^ ' 



3 ] \ 2 



r) (ra+l)Tt(n— 1) . (rt+l)n 

~ ^ 6 +2 

which finally gives the claimed polynomial. 
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Lemma 16 Let d e N and let A : N* 

{xi,...,xt) eNS 



be the map such that, for any 



x(xi,. . .,xt) = y^6i 



where bi, . . . ,bt are non negative rational numbers. Let k be a constant integer, 
then the map 

\\{xi,...,xty\ +k 

(j)(Xl,...,Xt) ^ 

is a quasi-polynomial. 

Proof. We can represent the rational numbers bi, . . . ,bt SiS bi ~ fi/g, . . . ,bt 
ft/ g, where fi, . . . , ft and g are non negative integers. 

Let {xi, . . . ,xt) e N*. For every i = 1, . . . , i, let r^, a^ G N such that: 



Xi = aigd + Tj, < r,; < gd. 
By using Eq. ([55]) . one derives 



(38) 



{xi,...,xt) 



dY.^=l,...,tf^(^^+Y.^=l,...,t^ 



\^Z^i=l,...,t /i'^ij + /^i=l,...,t g' 



+ k 



J2 -^'"^ 

, i=l,...,t 



Z^i=l,...,t n 



E /" 



i=l,...,t n 



- E >-o + 



i=l,...,t 



For any ri, . . . , r^, with < r^ < ^d — 1, consider the polynomial 



P{r^,...,rt){xi,...,Xt) = ^ -^(X, 



i = l,...,t g 



d 



We have just proved that for any non negative integers xi, . . . ,Xt, ii Xi = 
Vi mod gd, then 

(j){xi,. ..,Xt) =P(^ri.,...,rt){xi,.. .,Xt). 

Therefore <^(xi , . . . , xt) is a quasi-polynomial. D 
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